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It is well-known that assuming the possibility that material
properties depend on spatial coordinates can be a major challenge
for analytical treatment of the elasticity and thermoelasticity prob-
lems for certain kinds of materials, such as FGM (Birman and Byrd,
2007). The main difﬁculty lies in the need to solve the governing
differential equations with variable coefﬁcients which often are
not predeﬁned. This fact makes it impossible, except for in a very
few particular cases, to solve the problems analytically (Tanigawa,
1995). In the existing literature, this difﬁculty has been obviated in
several ways. One way around this problem is to employ approxi-
mate solution methods, most of which are based upon the varia-
tional principles (Han et al., 2001; Luciano and Sacco, 1998;
Zhang andWang, 2006). This provides the possibility of simplifying
the solution procedure. The other way is to employ linearization
techniques (Kushnir and Popovych, 2006; Tanigawa, 1995) and
thereby to simplify the problem formulation in a certain sense.
Alternatively, analytical methods are developed for the materials
with preliminary known material properties (in the form of linear,
power, or exponential functions, etc.) those present no difﬁculties
for the construction of solutions to the governing equations due to
the fact that the variable coefﬁcients of these equations are given
in appropriate form. One more technique circumvents the problemll rights reserved.
of Mechanical Engineering,
C.by representation of a continuously inhomogeneous solid as a
composite consisting of a number of tailored homogeneous layers.
The overview of the relevant literature in these two directions has
been provided in our previous publications (Tokovyy and Ma, 2008,
2009a,b). To optimize the convergence of the solution for a piece-
wise-homogeneous solid to one for a continuously inhomogeneous
solid, Plevako (2002) proposed the consideration of piecewise-
inhomogeneous solids with an each-layer inhomogeneity that en-
ables comparatively simple construction of the solution. Through
this approach, the elastic characteristics can be approximated by
continuous polylines instead of piecewise constant functions,
improving the approximation towards an exact solution. Analo-
gous approximation of an inhomogeneous strip by a piecewise-
exponential composite has been considered, e.g., by Guo and Noda
(2007).
Despite the numerous ways around the problem of solving the
governing equations of elasticity and thermoelasticity for inho-
mogeneous materials, there is a strong need in explicit analytical
solutions for an arbitrary kind of inhomogeneity. In Tokovyy and
Ma (2009b), we developed the method for analysis of the two-
dimensional problems of elasticity and thermoelasticity for radi-
ally inhomogeneous hollow cylinders and disks, whose material
properties can be regarded as arbitrary functions. Based upon
the direct integration of the equilibrium equations, this method
allows us to adopt the basic relations and conditions for the
stress-tensor components obtained for the case of homogeneous
solid for use with an inhomogeneous solid of the same shape.
The central goal of this method is to reduce the original prob-
lems to the governing equation, which can be obtained on the
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accompanied with the boundary and integral conditions estab-
lished by integration of the equilibrium equations. For inhomoge-
neous solids, the mentioned governing equation appears as the
Volterra integral equation of the second kind (Goldberg, 1979),
which has been treated by means of the simple iterations tech-
nique. An analogous method has been developed for treatment
of isotropic, inhomogeneous strips, half-planes, and planes (Tok-
ovyy and Rychahivskyy, 2005; Tokovyy and Ma, 2009a). In Tok-
ovyy and Ma (2008), the governing integral equation for the
thermoelasticity problem in radially inhomogeneous and ortho-
tropic cylinders and disks has been solved by means of the resol-
vent-kernel method (Pogorzelski, 1966, p. 13; Porter and Stirling,
1990, pp. 131 and 132) which readily results from Picard’s pro-
cess of successive approximations (Trikomi, 1957, pp. 6–8) or
from the series-form solution representation (Verlan’ and Sizikov,
1986, pp. 24–26). As for the analytical solution, the resolvent-
kernel method is found to be more efﬁcient in comparison to
the iterative method due to the following advantages. First of
all, the resolvent solution is a closed-form analytical solution. It
appears in explicit functional form, which presents the stress-
tensor components in terms of the given force loadings and tem-
perature. This fact presents an inestimable advantage for further
applications and analysis of the solution. Next, the resolvent-ker-
nel is expressed through the Volterra-kernel (‘intrinsic’ properties
of the integral equation) and is independent of a free term of the
equation (‘external’ properties). Since in our case the Volterra-
kernel is a function of the material properties only, the resol-
vent-kernel is also the function of the material properties only,
and it does not depend on any type of loading. Consequently,
having been computed once for certain Volterra-kernel (for cer-
tain material properties, obviously), the resolvent-kernel can be
employed for different kinds of force and thermal loadings. Final-
ly, application of the resolvent-kernel method gives a large divi-
dend in accuracy of computation.
This paper aims to develop the resolvent-kernel solution meth-
od for treatment of the governing Volterra integral equation of the
second kind for the plane elasticity and thermoelasticity problems
in inhomogeneous and orthotropic planes, half-planes, and strips,
which are subjected to external force loadings, body forces, and
temperature distribution.
2. Problems formulation
We consider the plane elasticity and thermoelasticity problems
in the dimensionless Cartesian coordinate system (x,y). The prob-
lems are governed (Timoshenko and Goodier, 1970) by the equilib-
rium equations:
orx
ox
þ osxy
oy
þ X ¼ 0; osxy
ox
þ ory
oy
þ Y ¼ 0; ð1Þ
compatibility equation
o2ex
oy2
þ o
2ey
ox2
¼ o
2cxy
oxoy
; ð2Þ
and physical relations for orthotropic material (Ambartsumyan,
1970; Lekhnitskii, 1981), which read
ex ¼ a11rx þ a12ry þ a1T; ey ¼ a12rx þ a22ry þ a2T;
Gxycxy ¼ sxy ð3Þ
for the plane case (Sadd, 2005; Tokovyy and Ma, 2008). Here rx, ry,
and sxy are the in-plane stress-tensor components; ex, ey, and cxy
denote the in-plane strain-tensor components; X(x,y) and Y(x,y)
are the projections of body forces onto the Cartesian axes x and y,
respectively;a11 ¼
~a11
Ex
; a22 ¼
~a22
Ey
; a12 ¼ 
~a12
Ey
¼  ~a21
Ex
;
~a11 ¼
1;
1 mzxmxz;

~a22 ¼
1;
1 mzymyz;

~a12 ¼
myx;
myx þ mzxmyz;

~a21 ¼
mxy;
mxy þ mxzmzy;

a1 ¼
ax;
ax þ azmzx;

a2 ¼
ay;
ay þ azmzy

ð4Þ
(in the expressions with braces, the upper and lower lines corre-
spond to the plane stress and plane strain hypothesis, respectively)
Ex(y) and Ey(y) are the Young’s modulii in the directions x and y,
respectively; mij(y) denotes the Poisson’s ratio describing the con-
traction in the i-direction at tension in the j-direction, {i, j} = {r,u,z},
i– j; Gxy(y) is the shear module for the (x,y)-coordinate surface;
ax(y), ay(y), and az(y) stand for the linear thermal expansion coefﬁ-
cients in the directions x, y, and z, respectively; T(x,y) is the temper-
ature distribution, which can be previously given or obtained from
the corresponding heat conduction problem (Carslaw and Jaeger,
1959; Hetnarski and Eslami, 2009). The elastic modulii are
interdependent:
Ejmij ¼ Eimji; fi; jg ¼ fx; y; zg; i–j: ð5Þ
In this study, we restrict our focus to analysis of the problems in
terms of stresses for inhomogeneous and orthotropic plane, X1 =
{(x,y) 2 (1,1)  (1,1)}, half-plane X2 = {(x,y) 2 (1,1) 
[0,1)}, and strip X3 = {(x,y) 2 (1,1)  [b,b]}, where b > 0 is a
dimensionless parameter. We consider the stress-state induced in
the plane X1 by the body forces, X and Y, and temperature, T. As to
the half-planeX2, two more conditions
ry ¼ p0ðxÞ; sxy ¼ q0ðxÞ; y ¼ 0; jxj < 1; ð6Þ
are imposed at the boundary in addition to the aforementioned
body-force and thermal loadings. The stresses occur in the strip
X3 due to the action of foregoing body forces and temperature, as
well as the external normal and shear force loadings
ry ¼ p1ðxÞ; sxy ¼ q1ðxÞ; y ¼ b; jxj < 1;
ry ¼ p2ðxÞ; sxy ¼ q2ðxÞ; y ¼ b; jxj < 1;
ð7Þ
applied to the sides y = ±b. In order to construct the correct solu-
tions, the thermal and force loadings and, consequently, the stresses
are assumed to be vanishing at points of inﬁnity and satisfying the
necessary conditions (Rychahivskyy and Tokovyy, 2008).
By making use of Eqs. (1) and (3), the compatibility equation (2)
can be equally written in terms of stresses as
D a11rþ a1T½  ¼ a1  a2ð Þ o
2T
ox2
þ o
oy
2b1 
1
Gxy
 
ory
oy
 
þ d
2b1
dy2
ry
 b2
o2ry
ox2
þ b1
oY
oy
 oX
ox
 
 o
oy
Y
Gxy
 
; ð8Þ
where D ¼ o2ox2 þ o
2
oy2 denotes the two-dimensional Laplace operator;
b1 = a11  a12, b2 = a22  a11; and r is the total in-plane stress given
by formula
r ¼ rx þ ry: ð9Þ
In the following sections, we consider in detail the construction
of an analytical solution to the elasticity and thermoelasticity
problems (1), (7) and (8) for the inhomogeneous strip X3. The
problems (1) and (8) for the plane X1 and (1), (6) and (8) for the
half-plane X2 can be treated in a similar manner. The correspond-
ing solutions of the above-mentioned problems are given in
Appendices A and B.
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orthotropic strip X3
By following the solution scheme proposed by Tokovyy and
Rychahivskyy (2005), we opt for ry and r as the governing func-
tions. To determine these functions, we shall use Eq. (8), expressing
the total stress in terms of ry, as well as the equilibrium equation
(1), which connect all the stress-tensor components. By elimina-
tion of the shear stress from Eqs. (1) and by taking relation (9) into
account, the equation
Dry ¼ o
2r
ox2
þ oX
ox
 oY
oy
ð10Þ
can be derived to express ry through the total stress r. Note that Eq.
(10) does not involve the material properties (4), and thus it ﬁts any
kind of material whose elastic equilibrium is governed by Eqs. (1).
By making use of the Fourier integral transform (Brychkov and
Prudnikov, 1989)
f ðyÞ ¼ f ðy; sÞ ¼
Z 1
1
f ðx; yÞ expðisxÞdx; ð11Þ
(where s stands for a parameter of the transform, i2 = 1, and f(x,y) is
an arbitrary functionwhose transformation exists in at least a gener-
alized sense), the governing equations (8) and (10) take the form
Dry ¼ s2 rþ isX  dYdy ; ð12aÞ
D a11 rþ a1T
  ¼ s2 a1  a2ð ÞT þ ddy 2b1  1Gxy
 
dry
dy
 
þ d
2b1
dy2
þ s2b2
 !
ry þ b1
dY
dy
 isX
 !
 d
dy
Y
Gxy
 !
: ð12bÞ
Here D ¼ d2dy2  s2. As for the case of strip X3, Eqs. (12) should be
accompanied with the boundary conditions
ryðbÞ ¼ p1; ryðbÞ ¼ p2; ð13aÞ
dry
dy
				
y¼b
¼ isq1  YðbÞ; d
ry
dy
				
y¼b
¼ isq2  YðbÞ: ð13bÞ
Note that conditions (13a) are obtained by application of the inte-
gral transformation (11) to conditions (7) for the normal stress;
meanwhile conditions (13b) are established by application of the
same integral transformation to the second equation (1) with con-
ditions (7) for the shear stress in view.
Since Eqs. (12) are ODE of the same differential operator, their
solution can be presented in the same form:
wðyÞ ¼ A coshðsyÞ þ B sinhðsyÞ þ 1
s
Z y
b
FðnÞ sinh sðy nÞð Þdn; ð14Þ
where A and B are the constants of integration; w stands for
ry and a11rþ a1T and F denotes the right-hand member of Eqs.
(12a) and (12b), respectively. In view of Eq. (14), the solution to
Eq. (12a) with boundary conditions (13a) appears as
ry ¼  p1 þ 1s
Z b
b
isXðyÞ  dYðyÞ
dy
 s2 rðyÞ
 !
sinhðsðb yÞÞdy
 !
 sinhðsðbþ yÞÞ
sinhð2sbÞ  p2
sinhðsðb yÞÞ
sinhð2sbÞ
þ 1
s
Z y
b
isXðnÞ  dYðnÞ
dn
 s2 rðnÞ
 !
sinh sðy nÞð Þdn: ð15ÞSince expression (15) should meet conditions (13b) two integral
conditions,Z b
b
rðyÞ sinhðsyÞdy ¼ Z1;
Z b
b
rðyÞ coshðsyÞdy ¼ Z2; ð16Þ
can be obtained, denoted here as
Z1 ¼  p1  p2ð Þ coshðsbÞs þ i q1 þ q2ð Þ
sinhðsbÞ
s
þ YðbÞ þ YðbÞ
s2
 sinhðsbÞ þ 1
s2
Z b
b
isX  dY
dy
 !
sinhðsyÞdy;
Z2 ¼  p1 þ p2ð Þ sinhðsbÞs þ i q1  q2ð Þ
coshðsbÞ
s
þ YðbÞ  YðbÞ
s2
 coshðsbÞ þ 1
s2
Z b
b
isX  dY
dy
 !
coshðsyÞdy:
By making use of conditions (16), the relation
1
s
Z b
b
isXðyÞ  dYðyÞ
dy
 s2 rðyÞ
 !
sinhðsðb yÞÞdy
¼ p1 þ p2 coshð2sbÞ þ iq2 þ YðbÞs
 !
sinhð2sbÞ
is obtained from expression (15), and then the latter expression
yields
ry ¼ p2 cosh sðyþ bÞð Þ  iq2 þ YðbÞs
 !
sinh sðyþ bÞð Þ þ 1
s

Z y
b
isXðnÞ  dYðnÞ
dn
 s2 rðnÞ
 !
sinh sðy nÞð Þdn:
ð17Þ
On the basis of Eq. (14), the solution to Eq. (12b) can be obtained as
follows:
r ¼ 1
a11

A coshðsyÞ þ B sinhðsyÞ  a1T
s
Z y
b
a1ðnÞ  a2ðnÞð ÞTðnÞ sinh sðy nÞð Þdn
þ 2b1ðbÞ 
1
GxyðbÞ
 
p2 cosh sðyþ bÞð Þð
þ iq2 þ YðbÞb
" #
sinh sðyþ bÞð Þ
!
þ 1
s
Z y
b
b1ðnÞ
dYðnÞ
dn
 isXðnÞ
 ! 
 d
dn
YðnÞ
GxyðnÞ
 !!
sinh sðy nÞð Þdnþ 2b1ðyÞ 
1
GxyðyÞ
 
ryðyÞ
þ
Z y
b
ryðnÞ d
2b1ðnÞ
dn2
þ s2b2ðnÞ
 !
sinh sðy nÞð Þ
s
 
 d
dn
2b1ðnÞ 
1
GxyðnÞ
 
cosh sðy nÞð Þ
 
dn

; ð18Þ
after uncomplicated mathematical derivation, which involves
integration by parts and application of conditions (13). Here the
constants of integration, A and B, are to be determined from inte-
gral conditions (16). By submitting Eq. (17) into Eq. (18), the lat-
ter formula takes on the appearance of the Volterra integral
equation:
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a11ðyÞ þ B
sinhðsyÞ
a11ðyÞ þHðyÞ þ PðyÞ þ QðyÞ þWðyÞ
þ
Z y
b
rðnÞKðy; nÞdn; ð19Þ
where
HðyÞ¼ 1
a11ðyÞ a1ðyÞTðyÞþs
Z y
b
a1ðnÞa2ðnÞð ÞTðnÞsinh sðynÞð Þdn
 
;
PðyÞ ¼  p2
a11ðyÞ
Z y
b
d2b1ðgÞ
dg2
þ s2b2ðgÞ
 !
sinhðsðy gÞÞ
s
"
 coshðsðgþ bÞÞ þ s 2b1ðgÞ 
1
GxyðgÞ
 
 cosh sðy gÞð Þ sinhðsðgþ bÞÞ
#
dg;
QðyÞ ¼ iq2
a11ðyÞ 2b1ðbÞ 
1
GxyðbÞ
 
sinh sðyþ bÞð Þ


Z y
b
d2b1ðgÞ
dg2
þ s2b2ðgÞ
" #
sinh sðy gÞð Þ
s
sinh sðgþ bÞð Þ
 
þs 2b1ðgÞ 
1
GxyðgÞ
 
cosh sðy gÞð Þ cosh sðyþ bÞð Þ

dg

;
WðyÞ ¼ 1
sa11ðyÞ 
a11ðyÞiQðyÞ
q2
YðbÞ þ
Z y
b
b1ðnÞ
dYðnÞ
dn
 isXðnÞ
 !""
 d
dn
YðnÞ
GxyðnÞ
 !#
sinh sðy nÞð Þdnþ 2b1ðyÞ 
1
GxyðyÞ
 

Z y
b
isXðnÞ  dYðnÞ
dn
" #
sinh sðy nÞð Þdn
þ
Z y
b
Z g
b
isXðnÞ  dYðnÞ
dn
 !
sinh sðg nÞð Þuðy;gÞdndg
#
;
Kðy; nÞ ¼  s
a11ðyÞ 2b1ðyÞ 
1
GxyðyÞ
 
sinh sðy nÞð Þ

þ
Z y
n
uðy;gÞ sinh sðg nÞð Þdg

;
uðy;gÞ ¼ d
2b1ðgÞ
dg2
þ s2b2ðgÞ
 !
sinh sðy gÞð Þ
s
 d
dg
2b1ðgÞ 
1
GxyðgÞ
 
cosh sðy gÞð Þ
 
:
We construct the solution of Eq. (19) by means of the resolvent-ker-
nel technique in a manner similar to that in Tokovyy and Ma (2008).
Then the solution can be established as:
r ¼ AfAðyÞ þ BfBðyÞ þUðyÞ; ð20Þ
where
fAðyÞ ¼ coshðsyÞa11ðyÞ þ
Z y
b
coshðsnÞ
a11ðnÞ Rðy; nÞdn;
f BðyÞ ¼
sinhðsyÞ
a11ðyÞ þ
Z y
b
sinhðsnÞ
a11ðnÞ Rðy; nÞdn;
UðyÞ ¼ HðyÞ þ PðyÞ þ QðyÞ þWðyÞ
þ
Z y
b
HðnÞ þ PðnÞ þ QðnÞ þWðnÞð ÞRðy; nÞdn;
A ¼ F1I22  F2I12
I11I22  I12I21 ; B ¼
F2I11  F1I21
I11I22  I12I21 ;F1 ¼ Z1 
Z b
b
UðyÞ sinhðsyÞdy; F2 ¼ Z2 
Z b
b
UðyÞ coshðsyÞdy;
I11 ¼
Z b
b
fAðyÞ sinhðsyÞdy; I21 ¼
Z b
b
fAðyÞ coshðsyÞdy;
I12 ¼
Z b
b
fBðyÞ sinhðsyÞdy; I22 ¼
Z b
b
fBðyÞ coshðsyÞdy;
and R(y,n) is the resolvent-kernel given in the form of series
Rðy; nÞ ¼
X1
n¼0
Knþ1ðy; nÞ; ð21Þ
by the requiring (Verlan’ and Sizikov, 1986), or iterated (Trikomi,
1957), kernels
K1ðy;nÞ ¼ Kðy;nÞ; Knþ1ðy;nÞ ¼
Z y
n
Kðy; tÞKnðt;nÞdt; n¼ 1;2; . . .
Since the iterated kernels decrease with increasing n, the series (21)
can be truncated
Rðx; yÞ  RNðy; nÞ ¼
XN
n¼0
Knþ1ðy; nÞ ð22Þ
for practical computations.
After the total in-plane stress is found in the form (20), the nor-
mal stress ry can be computed by means of formula (17), which
becomes:
ry ¼ p2 cosh sðyþ bÞð Þ  iq2 þ YðbÞs
 !
sinh sðyþ bÞð Þ þ 1
s

Z y
b
isXðnÞ  dYðnÞ
dn
 !
sinh sðy nÞð Þdn sA
Z y
b
fAðnÞ
 sinh sðy nÞð Þdn sB
Z y
b
fBðnÞ sinh sðy nÞð Þdn s

Z y
b
UðnÞ sinh sðy nÞð Þdn:
ð23Þ
The normal stress rx can be then found from Eq. (9) as
rx ¼ r ry: ð24Þ
By making use of the second equation (1) and formula (11), the
shearing stress sxy assumes the form
sxy ¼ is
dry
dy
þ Y
 
;
which yieldssxy ¼ i p2 sinh sðyþ bÞð Þ  iq2 þ YðbÞs
 !
cosh sðyþ bÞð Þ
"
þ1
s
Z y
b
isXðnÞ  dYðnÞ
dn
 !
cosh sðy nÞð Þdn
sA
Z y
b
fAðnÞ cosh sðy nÞð Þdn sB
Z y
b
fBðnÞ cosh sðy nÞð Þdn
s
Z y
b
UðnÞ cosh sðy nÞð Þdnþ YðyÞ
s
#
ð25Þ
with substitution of Eq. (23).
After all the stress-tensor components (23)–(25) as the Fourier-
transform have been found, they can be inversed by means of the
formula (Brychkov and Prudnikov, 1989)
Fig. 1. Distribution of the function f(x) for a = 1.
Fig. 2. Distribution of the function x(y) = eky for k = 0;1.
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2p
Z 1
1
f ðyÞ expðisxÞds:
Note that despite the different shape of domainsX1,X2, andX3,
and thus different boundary conditions, the governing equations
(12) are the same for all the regions mentioned. This allows
employment of the same solution strategy to treat the two remain-
ing cases of X1 and X2 (see Appendices A and B).4. Numerical examples and discussion
4.1. The inhomogeneous strip subjected to the external force loadings
Herein, we illustrate our approach with the stripX3 (b = 1) sub-
jected to the normal tractions
p1 ¼ p2 ¼ p1ðxÞ; 1ðxÞ ¼ eax
2
; ð26Þ
while
q1 ¼ q2 ¼ X ¼ Y ¼ T ¼ 0;
under the plane stress hypothesis. Here p and a are the constant
parameters of loading and a > 0. Distribution of the function f(x)
is depicted in Fig. 1 for a = 1. As we can see, the loading (26) is
smooth and continuous, and rapidly (depending on the value of
parameter a) vanishes with x? ±1. Such properties make the con-
dition (26) convenient to verify the analytical solution.
For the ﬁrst example of an inhomogeneous material, the strip is
assumed to be orthotropic and exponentially graded as
Ex ¼ E0xxðyÞ; Ey ¼ E0yxðyÞ; Gxy ¼ G0xyxðyÞ; xðyÞ ¼ eky; ð27Þ
where k = const.; E0x ; E
0
y ; and G
0
xy are the constant values of the elas-
tic modulii Ex, Ey, and Gxy, respectively, at the center line y = 0, and
G0xy ¼ E0x= 2ð1þ mxyÞ
 
. The Poisson’s ratio mxy is assumed to be con-
stant, and mxy = 0.2 for all the following computations. We introduce
the parameter
k ¼ E
0
x
E0y
ð28Þ
characterizing the ratio of the orthotropic modulii. In light of Eqs.
(5) and (27), we can also obtain myx = k1mxy and
G0xy ¼ kE0y= 2ð1þ mxyÞ
 
. Obviously, the case k = 1 corresponds to the
isotropic material. As follows from Eq. (4), the stresses are indepen-dent of the engineering characteristics with the subscript z for the
plane stress case.
Because of the symmetry in boundary condition (26), the
change in sign of the parameter k will change the distribution of
stresses symmetrically with respect to the center line of the strip.
Thus, we restrict our focus to negative values of k only. The case
k = 0 corresponds to the homogeneous material properties. Behav-
ior of the function x(y), which appears in Eq. (27), is shown in
Fig. 2 for k = 0 and k = 1.
It is worth noting that in the case of isotropic and homogeneous
material (k = 1, k = 0), the governing equation (8) is homogeneous,
and thus its solution can be found easily by means of Eq. (20) with
resolvent-containing members omitted. Full-ﬁeld analysis of this
case is displayed in Fig. 3. In contrast to the isotropic material, the
right-hand member of Eq. (8) remains, at least in general, even for
the homogeneous (k = 0) but orthotropic (k– 1) material. Thus,
the resolvent-kernel formula should be employed in that case. The
relative error in computation of solution (20) for k = 1 and k = 1
by keeping N = 1 in Eq. (22) lies within 10%; for N = 2, it falls within
0.2%. Therefore, in this case, the employment of RN, which is de-
scribed by formula (22) instead of R in the form (21), is good enough
by keeping the ﬁrst two constituents in (22) only. For the cases k = 1/
2 and k = 0;  1, one needs ﬁve constituents for achievement of sim-
ilar accuracy; for k = 2 and k = 0;  1, one needs six constituents.
Distribution of the transversal stress ry in the cross-section
x = 0 is depicted in Fig. 4 for different cases of the orthotropic ratio
(28) and parameter of inhomogeneity k. As was to be expected, the
curves for k = 0 are symmetrical with respect to the middle point
y = 0, and the curves for k = 1 are not symmetric due to the effect
of inhomogeneity. Thus, for k = 0, the stress ry assumes the maxi-
mum values at x = 0; and, naturally, the maximum values of this
stress are shifted in the direction of inhomogeneity increase. For
the considered parameters, the effect of orthotropy is more essen-
tial in comparison to the inﬂuence of inhomogeneity. As we can
observe in both cases k = 0 and k = 1, the values of the stress ry
for k = 2 exceed the corresponding values for k = 1 and k = 1/2
while moving away from the boundaries. This is in a good agree-
ment with the results presented by Tokovyy and Ma (2008). Anal-
ogous conclusions hold for the longitudinal stress rx shown in
Fig. 5.
Let us consider now the material inhomogeneity in the form of
polynomial functions
Ex¼ E0xwðyÞ; Ey¼ E0ywðyÞ; Gxy¼G0xywðyÞ; wðyÞ¼ ðc1þc2yÞk; ð29Þ
Fig. 3. Full-ﬁeld distribution of the dimensionless transversal stress ry/p (a), longitudinal stress rx/p (b), and shearing stress sxy/p (c) in the homogeneous and isotropic (k = 0,
k = 1) strip X3 due to force loading (26).
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0
x ; E
0
y ; and G
0
xy are the constant values of the
elastic modulii Ex, Ey, and Gxy, respectively, and G
0
xy ¼ E0x=
2ð1þ mxyÞ
 
. As above, mxy = 0.2. In the case of c2 = 1 and c1 = 2, the
values E0x ; E
0
y ; and G
0
xy can be reached by Ex, Ey, and Gxy, respectively,
at the line y = 1 (Fig. 6).Fig. 4. Cross-wise distribution of the dimensionless stress ry/p at x = 0 for different
values of the orthotropic ratio k ¼ 12 ;1;2 in the case of homogeneous, k = 0 (solid
lines), and inhomogeneous, k = 1 (dashed lines), material.The cross-wise distributions of the normal stresses at the cross-
section x = 0 of the strip made of the material (29) and subjected to
the force loadings (26) are shown in Fig. 7. As we can see, the inho-
mogeneity in the material properties (29) causes a similar effect on
distribution of the stress-tensor components.
4.2. Thermal stresses in the inhomogeneous strip
In absence of the force loadings, the stresses in the inhomoge-
neous strip are induced by only the non-uniform temperature dis-
tribution. For example, let us consider the strip (b = 1) subjected to
the temperature whose Fourier-transformation is found in the
form
T ¼ T0 sinhðsð1þ yÞÞsinhð2sÞ ; ð30Þ
from the classic heat conduction problem (Carslaw and Jaeger,
1959) under constant thermo-physical properties. Here, T0 is the
temperature of the side y = 1 and T0 ¼ s0ðx2  a2Þex2 ; a ¼ 1=
ﬃﬃﬃ
2
p
(Rychahivskyy and Tokovyy, 2008); s0 = const. At the side y = 1,
the temperature is equivalent to zero. Distribution of the tempera-
ture with Fourier-transformation (30) is displayed in Fig. 8. As for
computation of the stress-tensor components, the material proper-
ties are assumed in the form
Ex ¼ E0x ; Ey ¼ E0y ; Gxy ¼ G0xy; ax ¼ a0xvðyÞ;
ay ¼ a0yvðyÞ; vðyÞ ¼ ð2þ yÞk;
Fig. 5. Distribution of the dimensionless stress rx/p at x = 0 for the cases k = 0 (a) and k = 1 (b) while k ¼ 12 ;1;2.
Fig. 6. Distribution of the function w(y) = (c1 + c2y)k for c1 = 2, c2 = 1, k = 0;1.
Fig. 7. x = 0-distributions of the dimensionless stresses ry/p (a) and rx/p (b) in the strip with material properties (29) for k = 1, c1 = 2, c2 = 1, k = 0 (solid lines), and k = 1
(dashed lines).
Fig. 8. Full-ﬁeld distribution of the temperature T/s0 computed by means of the
inverse Fourier-transformation applied to Eq. (30).
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Fig. 9. Distribution of the function v(y) = (2 + y)k for k = 0;1;2.
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tribution of the function v(y) for k = 0;1;2 is shown in Fig. 9. Consid-
ering the plane stress case, we introduce the parameter
c ¼ a
0
y
a0x
:
For k = 0 and k = 1, we obtain the exact analytical solution, since
K(y,n)  0 in this case. Moreover, for homogeneous (k = 0) and iso-
tropic (d = c = 1) material, there will be no stresses occurring inFig. 10. Full-ﬁeld distribution of the dimensionless transversal stress ry=ðs0a0x E0x Þ (a), lon
due to temperature (30) k = k = c = 1.the strip due to temperature (30), as the strip is a simply-connected
domain with a force-free boundary. Full-ﬁeld analysis of case
k = k = c = 1 is shown in Fig. 10. As we can see, the transversal stress
ry (a) and the shear stress rxy (c) satisfy the homogeneous bound-
ary conditions. Moreover, all the stress-tensor components are self-
equilibrated.
Analysis of the normal stresses due to temperature (30) is shown
in Fig. 11 for different values of the ratios k and c, and parameter k.
For k = c = 1 (cases 1, 5, and 9), the stress intensity is as higher as
the parameter k is greater. The same conclusion holds for k = 2 and
c = 1 (cases 2 and 6) as well as for k = 2 and c = 2 (cases 4 and 8).
For k = 1 and c = 2 (cases 3, 7 and 10), the variation of parameter k
causes the change in qualitative behavior of the stresses.5. Conclusions
An efﬁcient technique for analysis of the plane elasticity and
thermoelasticity problems for inhomogeneous and orthotropic
inﬁnite solids is presented. The original problems are reduced to
solution of the Volterra integral equations. From the mathematical
point of view, the proposed technique can be employed without
any restrictions for the functions prescribing the material proper-
ties (besides the existence of corresponding derivatives, at least
in a generalized sense). From the mechanical standpoint, the mate-
rial properties should be accepted in the form which does not lead
out of the model of continua mechanics, assuring strain-energy
function within the necessary restrictions.
Application of the resolvent-kernel formula to solve the govern-
ing integral equation shows advantages over the simple-iteration
solution, as mentioned in the Introduction and veriﬁed later.gitudinal stress rx=ðs0a0x E0x Þ (b), and shearing stress sxy=ðs0a0xE0x Þ (c) in the strip X3
Fig. 11. x = 0-distribution of the dimensionless transversal stress ry=ðs0a0x E0x Þ (a) and longitudinal stress rx=ðs0a0x E0x Þ (b) in different cases of anisotropy and inhomogeneity:
(1) k = 0, k = 1, c = 1, (2) k = 0, k = 2, c = 1, (3) k = 0, k = 1, c = 2, (4) k = 0, k = 2, c = 2, (5) k = 1, k = 1, c = 1, (6) k = 1, k = 2, c = 1, (7) k = 1, k = 1, c = 2, (8) k = 1, k = 2, c = 2, (9) k = 2,
k = 1, c = 1, and (10) k = 2, k = 1, c = 2.
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acteristics, the compatibility equation (8) becomes homogeneous
and thus it involves the total in-plane stress as the only quested-
for function (Tokovyy and Ma, 2009a). Therefore, Eqs. (12) are
uncoupled, and their solutions can be found easily by means of
well-known procedures (Timoshenko and Goodier, 1970; Vihak
and Rychahivskyy, 2001; Vigak, 2004). In spite of the isotropic case,
the right-hand member of Eq. (8) will involve, in general, the stress
ry for the orthotropic material, even though the elastic complianc-
es (4) are constant. For this case, Eq. (8) takes the form
D a11rþ a1T½  ¼ a1  a2ð Þ o
2T
ox2
þ 2b1 
1
Gxy
 
o2ry
oy2
 b2
o2ry
ox2
þ b1 
1
Gxy
 
oY
oy
 b1
oX
ox
:
Consequently, the proposed technique can be employed to analyze
orthotropic solids even if they exhibit homogeneous properties.
We considered the solution construction under the assumption
of the stresses and loading factors vanishing at points of inﬁnity.
But it is easy to see that the same strategy can be adopted for anal-
ysis of problems with, e.g., periodical or constant loadings, and
then the Fourier series, etc., can be employed instead of the Fou-
rier-transform.Acknowledgments
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In the case of elastic and thermoelastic analysis of half-plane
X2, the solution to the problems (1), (6) and (8) can be found in
the form as follows:
ryðyÞ ¼ is
q0 þ Y0
jsj  p0
 !
ejsjy
2
 1
2jsj

Z 1
0
isXðnÞ  dYðnÞ
dn
 !
ejsjjynj dnþ jsj
2
Z 1
0
rðnÞejsjjynj dn;sxyðyÞ ¼ is
dry
dy
þ Y
 
; rx ¼ r ry;
rðyÞ ¼ CfCðyÞ þ F2ðyÞ þ
Z 1
0
R2ðy; nÞF2ðnÞdn;
wherefCðyÞ ¼ e
jsjy
a11ðyÞ þ
Z 1
0
R2ðy; nÞejsjn
a11ðnÞ dn;
F2ðyÞ ¼ H2ðyÞ þ P2ðyÞ þ Q2ðyÞ þW2ðyÞ;
P2 ¼
p0vðyÞ
2a11ðyÞ ; Q2 ¼ 
isq0vðyÞ
2jsja11ðyÞ ;
H2ðyÞ ¼ 1a11ðyÞ a1ðyÞTðyÞþ
jsj
2
Z 1
0
a1ðgÞa2ðgÞð ÞTðgÞejsjjygjdg
 
;
W2 ¼  12jsja11ðyÞ
Z 1
0
b1ðgÞ
dYðgÞ
dg
 isXðgÞ
 ! "
 d
dg
YðgÞ
GxyðgÞ
 !!
ejsjjygjdgþ
Z 1
0
cðy;gÞ

Z 1
0
isXðnÞ  dYðnÞ
dn
 !
ejsjjgnj dndgþ vðyÞYð0Þ
#
;
vðyÞ ¼ ejsjy 2b1ð0Þ 
1
Gxyð0Þ
 

Z 1
0
ejsjgcðy;gÞdg;
R2ðy; nÞ ¼
X1
n¼0
Knþ1ðy; nÞ; K1ðy; nÞ
¼ jsj
2a11ðyÞ
Z 1
0
cðy;gÞejsjjgnj dg;
Knþ1 ¼
Z 1
0
K1ðy; tÞKnðt; nÞdt; n ¼ 1;2; . . . ;
cðy;gÞ ¼  1
2
d2b1ðgÞ
dg2
þ s2b2ðgÞ
 !
ejsjjygj
jsj
 
þ d
dg
2b1ðgÞ 
1
GxyðgÞ
 
ejsjjygjsgnðy gÞ

;
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c
 p0jsj 
iq0
s
 Yð0Þ
s2
þ
Z 1
0
i
s
X  1
s2
dY
dy
 F2
 !
ejsjydy
"

Z 1
0
F2ðnÞ
Z 1
0
R2ðy; nÞejsjydydn

;
c ¼
Z 1
0
fCðyÞejsjy dy:Appendix B. Elasticity and thermoelasticity solution in the case
of plane
For the plane X1, the solution to the problems (1) and (8) ap-
pear as:ryðyÞ ¼ 12jsj
Z 1
1
dYðnÞ
dn
 isXðnÞ
 !
ejsjjynj dnþ jsj
2

Z 1
1
rðnÞejsjjynjdn;
sxyðyÞ ¼ is
dryðyÞ
dy
þ YðyÞ
 
; rx ¼ r ry;
rðyÞ ¼ H1ðyÞ þW1ðyÞ þ
Z 1
1
R1ðy; nÞ H1ðnÞ þW1ðnÞð Þdn;where;H1ðyÞ ¼ 1a11ðyÞ a1ðyÞTðyÞ þ
jsj
2
Z 1
1
a1ðgÞ  a2ðgÞð ÞTðgÞejsjjygjdg
 
W1ðyÞ ¼ 12jsja11ðyÞ
Z 1
1
c1ðy;gÞ
Z 1
1
dYðnÞ
dn
 isXðnÞ
 !
ejsjjgnjdndg
"

Z 1
1
b1ðgÞ
dYðgÞ
dg
 isXðgÞ d
dg
YðgÞ
GxyðgÞ
 ! !" #
ejsjjygjdg
#
;
R1ðy; nÞ ¼
X1
n¼0
Knþ1ðy; nÞ; K1ðy; nÞ
¼ jsj
2a11ðyÞ
Z 1
1
c1ðy;gÞejsjjgnjdn;
Knþ1 ¼
Z 1
1
K1ðy; tÞKnðt; nÞdt;
c1ðy;gÞ ¼ 
1
2
d2b1ðgÞ
dg2
þ s2b2ðgÞ
 !
ejsjjygj
jsj
"
þ d
dg
2b1ðgÞ 
1
GxyðgÞ
 
ejsjjygjsgnðy gÞ
 #
:Appendix C. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.ijsolstr.2009.07.007.References
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